Average Volatility and Correlation 


1. Introduction 


This paper presents a model for compute average volatility and correlation. Since an arithmetic 
average of log-normally distributed variables is not log-normal, We approximate the arithmetic 
average by matching its first and second moments with those of a log-normal variable. We 
generate the volatility of a log-normal variable that approximates an arithmetic average of asset 
prices. We also calculate the correlation between two log-normal variables chosen to match that 


between two arithmetic averages of asset prices. 


2. Definition 


We consider an arithmetic average of futures prices, specified with 


e asetof N observation points, fr, i= 1.. N} , where 0 <t <...<ty =T, 
e aprice at time t, ofa futures contract maturing at time T, F, (t, ) ; 


e asetof N asset weights, æ, , where 1<i <N. 


The arithmetic average of futures prices is defined by 


Avg, = Sa, F; (t,) (1) 


i=l 


The random variable Avg, is not log-normally distributed. However, we approximate the 
variable Avg, with a log-normal variable. Here, the implementation returns the volatility of the 


approximating log-normal random variable. 


Given the same set of N observation points, fe, l = 1,....} , where 0< t, <...<t, = T, we also 


consider another arithmetic average of futures prices, Avg,, specified with 


e price at time t, of a futures contract maturing at time T, V, (t ; ) ; 


e setof N asset weights, G, , where l<i<JN. 


The function returns the constant instantaneous correlation coefficient between the Brownian 


motions driving the respective futures prices, to match the correlation between Avg, and Avg,. 


3 Valuation Methodology 


3.1 The Underlying Process: 


We assume that each futures price process ÍF, (£) te [0,7]} satisfies a risk-neutral stochastic 


differential equation of the form 


dF, (t) 


F,(t) 


=o dW, , (2) 


where 


e o isa constant volatility parameter, 
e W isastandard Brownian Motion. 


We similarly assume that 
dV,(t) 


v,() 


=@ dB 


t? 


where 


e æ isaconstant volatility parameter, 
e B isastandard Brownian Motion. 


Here we assume that B and W have a constant, instantaneous correlation coefficient p . 


3.2 Average Volatility: 
N 
We consider the random variable, Avg, = dG, F; (t), whereO <t <...<1, <T. 
i=l 
Avg, is not log-normally distributed. However, we approximate Avg, with a log-normal 


variable, X,,, where the process X satisfies 


aX(t) dt+o,dw. 


X(t) 


Our aim is to determine uy and oy by matching the first two moments of Avg, with those of 


X. This approach (see https://finpricing.com/FinPricing-ProductBrochure.pdf) is well known as 


the Levy approximation. In particular, we consider the system of nonlinear equations 


ee Xo exp(u,T)= E|X ‘| 
Blavg,’ |= x expl u, +o )r)= elx] 


Choosing X = EļAvg,], the solution of the above system is 


o, T= n( eevee (4) 


where 


e the computation of the first two moments of Avg,, ElAvg, | and ElAvg,’ |, is completely 
performed in Appendix 2, 
e oy is the average, or Levy, volatility, which is the value returned by the function. 


3.3 Average Correlation: 


N N 
Here, we consider two average prices, Avg, = X.a; F;(t,) and Avg, = Xa? F; (t). 


i=l i=l 


Our aim is to match the first and second moments, and also the correlation of these average 
prices with the first and second moments and the correlation of two log-normal random 
variables, X, and Y,, where the processes X and Y satisfy: 


dX |t 

TO- uy diso, aw, 
dY\t 

TO- u at dB, ; 
dW x dB= p dt 


We show that the correlation between X, and Y, is given by 


exer) 
A o erter 


= (5 
P er (5) 


Now, according to Section 3.1, if we match the first and second moments of X, and Y, with 


those of Avg, and Avg,, then, 


i = Eļ|Avg,] 
Y= E[Avg, | i 


Using the above results, equation (5) becomes 


PE in(E[Ave, Avs, )-m(ElAve ]elave) gy 


(in zlavg? |-2m ElAvg, ]} (in zlAvg,? |-2In z[avg,]P 


We note that 


e the computation of ElAvg, Avg, | is completely performed in Appendix 4. 
e p is the average, or Levy, correlation, which is the value returned by the function. 


